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ABSTRACT
Representingagentpolicies compactlyis essentialfor improving
the scalabilityof multi-agentplanningalgorithms. In this paper,
wefocusondevelopingapruningtechniquethatallowsusto merge
certainobservationswithin agentpolicies,while minimizinglossof
value. This is particularlyimportantfor solving �nite-horizon de-
centralizedPOMDPs,whereagentpoliciesarerepresentedastrees,
and wherethe size of policy treesgrows exponentiallywith the
numberof observations. We introducea value-basedobservation
compressiontechniquethatprunesthe leastvaluableobservations
while maintainingan error boundon the value lost asa resultof
pruning.Weanalyzethecharacteristicsof thispruningstrategy and
show empiricallythatit is effective. Thus,weusecompactpolicies
to obtainsigni�cantly highervaluescomparedwith thebestexist-
ing DEC-POMDPalgorithm.

Categoriesand SubjectDescriptors
I.2.11[Distrib uted Arti�cial Intelligence]: Multiagentsystems

GeneralTerms
Algorithms,Experimentation,Performance

Keywords
arti�cial intelligence,decentralizedPOMDPs,observationcompres-
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1. INTRODUCTION
Policy treesare often usedto representconditional plans for

agentsoperatingin partially observableenvironments.Eachnode
of a policy treedeterminesthenext actionto be taken anda tran-
sition to a sub-treethat dependson the observation madeby the
agent.Thisrepresentationhasprovedusefulin partially-observable
MDPs andtheir multi-agentcounterparts(DEC-POMDPs)[5, 11,
14]. DEC-POMDPsoffer a rich languageto representmulti-agent
planningproblemsin stochasticdomains,whereeachagenthas
differentpartial informationaboutthe domain(determinedby its
observations). They have beenusedto modelmulti-robot coordi-
nationproblems,multi-agentcommunication,anddistributedload-
balancingproblems.A detailedsurvey of existing algorithmsand
applicationsof DEC-POMDPsis availablein [10]. Wefocusin this
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paperon oneof thekey bottlenecksin DEC-POMDPalgorithms–
theextremelylargespaceof joint policies. Evenwith smallprob-
lems,it is not feasibleto explore theentirespaceof joint policies
thatagentsmayfollow. Thememoryrequirementsof thisrepresen-
tationhave limited thescalabilityof solutiontechniquesfor decen-
tralizedPOMDPs.

Several pruning methodshave beenintroducedto addressthis
dif�culty . Oneapproachinvolvespruningof dominatedstrategies
thatareprovablyuseless[5]. It allowsalargenumberof policiesto
beexcludedfrom considerationwithout compromisingoptimality.
Despitethesavings,this exactalgorithmrunsout of memoryafter
just a few iterations.More aggressive pruningcouldimprove scal-
ability, but producesnon-optimalplans. Amato et al. adaptedan
epsilon-pruningtechniquethatmaintainsanerrorboundontheloss
of valueresultingfrom thepruningprocessfor DEC-POMDPs[1].
But evenwith suchpruningtechniques,it is dif�cult to solve prob-
lemsthat involve a largenumberof possibleobservations,because
thenumberof joint policiesgrows exponentiallywith thenumber
of observations.

Someeffective heuristicmethodshave beendevelopedto select
aboundedsetof policiesin eachstep,andto usethisselectionpro-
cessto constructpoliciesfor thenext step[14, 11]. Among these
approaches,the MBDP algorithm hasbeenparticularly success-
ful, makingit possibleto solve problemswith very largeplanning
horizonsfor the�rst time [11]. We presenta disciplinedapproach
for reducingthe numberof observationsusedin policy trees,and
demonstrateourapproachonMBDP. Theresultingplannerextends
previouswork by SeukenandZilberstein,which introducedatech-
niquefor ignoringobservationsthatarelessprobable[11]. Unlike
thatheuristicmethod,our approachis guidedby thevaluelost asa
resultof mergingcertainsetsof observations.

Therestof thepaperis organizedasfollows. Section2 de�nes
thedecentralizedPOMDPmodelanddescribesthekey existingso-
lution techniques.In Section3 wedescribeouralgorithm,which is
basedon MBDP with theaddedobservationcompressionmethod.
Weshow how to minimizethelossof valuethatresultsfrom merg-
ing observations.Section4 analyzesthecharacteristicsof thenew
algorithmandestablishesanerrorboundon thesolutionit returns.
In Section5 wereporttheresultsof anempiricalevaluation,show-
ing signi�cant improvementin solutionquality comparedwith the
bestexisting method. The value-driven approachandthe associ-
atederrorboundhelp improve the performanceandrobustnessof
DEC-POMDPsolutiontechniques.We concludewith a discussion
of thecontributionsof thework andfutureresearchdirectionsthat
canexploit value-basedobservationcompression.



2. DECENTRALIZED POMDPS
Westudytheobservationcompressionproblemwithin theframe-

work of decentralizedPOMDPs[2]. While the resultswe present
arevalid for any numberof agents,for thesake of clarity, we for-
malizetheproblemfor two agents.A two agentDEC-POMDPis
de�ned by thefollowing tuple:

��� , thesetof domainstates
�����	��
�� , theinitial belief state(statedistribution)
��
�� and 
	� , thesetsof actionsfor eachagent( ���

��
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��" is theimmediatereward
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� and �

� in state�

��( � and ( � , thesetsof observationsfor eachagent
��) , the observation probabilities: )��+*,���-*.� � ���/�
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���
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��" , the
probabilityof agents$ and % seeingobservations * � and * �

respectively whenagent $ takesaction �

� andagent% takes
action �

� , causinga statetransitionto ���

��0 , thehorizon,or numberof steps,in theproblem

At eachstep,eachagentchoosesanactionbasedon its own ac-
tion andobservation history. Thegoal is to createjoint plansthat
maximizethecumulative rewardover some�nite horizon.

Wereferto themappingfrom anagent's historyto anactionasa
policy, andusetreesto representsuchpolicies.For example,Figure
1(a)shows two policies,P� andP� . With policy P� , theagent�rst
takesactionA � andthen,dependingon theobservation,movesto
a subtreethatdeterminesthenext action.

In the caseof single-agentPOMDPs,it is possibleto adoptan
alternateview of a policy and representit as a mappingfrom a
belief stateto an action. Eachagentcan maintaina belief state
that canbe revisedafter eachactionusingstandardBayesianup-
dating, basedon the action taken and observation that the agent
receives. The agentcanthenselectthe bestaction,given this be-
lief state.Maintainingbelief statesin themulti-agentcaseis much
morecomplicated,becauseeachbeliefstatedependsonthehistory
of actionsandobservationsaswell as the agent's beliefs regard-
ing thepoliciesof theotheragents.Gmytrasiewicz andDoshihave
developeda multi-agentplanningapproachthat is basedon main-
taining nestedbelief states[4]. Belief statesare nestedbecause
eachagent's beliefs include the beliefsof otheragents,which in
turn includethebelief of thisagent.

Action policiesthatarebasedon historiesof observationsallow
us to avoid the complexity associatedwith nestedbeliefs. In our
case,an agent's policy is expressedin the form of a tree. Each
nodeof the treecorrespondsto an action,andeachbranchto an
observation.Therootof thetreecorrespondsto the�rst action,and
the treeis traverseddownwards.Note that thenumberof possible
policy treesis of the order )��1� 
'�32 452 67" per agent. This explains
why effective pruningis crucialin DEC-POMDPalgorithms.

Certaintypesof pruning that have beendevelopedfor single-
agentPOMDPscan be generalizedto the multi-agentcase. In
particular, therearea numberof ef�cient point-basedalgorithms
for POMDPsthatevaluatedifferentpoliciesat selectpointsin the
belief space[8, 13, 15, 12]. In the DEC-POMDPcase,the poli-
cies of the other agentsdetermineboth the value and the likeli-
hoodof eachbeliefpoint,a factthatcomplicatesthegeneralization
of thesePOMDP algorithms. Other POMDP techniquesinvolve

Figure1: (a) Two policy tr ees.(b) The resultof a full-backup of
the policy tr eesshown in part (a) is 24newtr ees.Only the tr ees
rootedin 


� areshown. (c) The resultof running CompressObs
and then a partial backup. Here 89�;:

)	���=<

% and subpolicies
of *

� and *.> are forcedto be the same.

value-directedcompressionof the POMDPstatespace[9]. Hoey
andPoupartaggregateobservationsin a one-dimensionalobserva-
tion space,andextendtheir techniqueby samplingbelief pointsin
amulti-dimensionalobservationspace[6]. Althoughthistechnique
isapplicableto POMDPs,it is notclearhow to extendthetechnique
andhow to samplebelief pointsof DEC-POMDPproblems.

Someusefulpruning techniquesfor DEC-POMDPshave been
developedalready. Hansenet al. have developedan optimal dy-
namicprogrammingalgorithmthatprunesmany uselesspolicies[5].
During theplanningprocess,eachagentmustchoosepoliciesthat
have high valuebasedon any policy the otheragentmay use. To
formalizethis, they de�ne a beliefstate,�.���.�-? " , for anagentasthe
probability that the systemstateis � andthe otheragentwill use
policy ? . Thevalueof anagent's belief is then:
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which representsthemaximumtheagentcanachieve given its set
of policiesweightedby theprobabilitythatthetruestateis � andthe
otheragentusespolicy ? . Becausethe probability distribution of
theunderlyingstatedependson thepoliciesof theotheragentand
we assumeno prior knowledgeaboutthe otheragent,all policies
that may contribute to this maximummust be retained. Policies
thatdonotcontributeto themaximummayberemoved,or pruned.
While thismethodguaranteesthatanoptimaltreewill befound,the
setof treesmaybevery largeandmany unnecessarytreesmaybe
generatedalongtheway. Becauseof this, it requiresanintractable
amountof memoryfor any but thesmallestproblems.

Figure1(b) shows theresultof a full-backupwherepruningdid
not eliminateany policies.Policy TreesP� andP� arerepresented
within thesquares.A full backupwill generateevery possibleac-



Algorithm 1: The MBDP-OC Algorithm (IMBDP [9] with
Value-BasedObservationCompression)

beginRTS#UWV�XQY1Y!Z=[

maxnumberof treesbeforebackup
RTS#U�\^]!Z_[

maxnumberof observationsfor backup
0

[

horizonof theDEC-POMDP
`

[

pre-computeheuristicpoliciesfor eacha

�

`

b

�

K

� �

bdc

K

�

[

initialize all 1-steppolicy trees



�

�P


c

[

thesetof actionsavailableto eachagent

for t=1 to T do
choosea

�

`

andgeneratebeliefstate�

for each agent : do
bfe

K gih

�

[kj.l

for each action �

�9


e

do
m

[

CompressObs(:

�1�n�

�

�

b e

K g

�

bpo e

K g

�

RTS#U�\^]!Z

)
b e

K g+h

�

[

b e

K g+h

�Pq PartBackup(
b e

K g

�

�

�

m

)
�Ar#s

�

K g+h

���P�Ar#s

c

K g+h

�

[

empty
for k=1 to

RtS#UWV�X-Y1Y!Z

do
choosea

�

`

andgeneratebelief state�

foreach ?

�

�

b

�

K g+h

���-?

c

�

b c

K g+h

� do
evaluateeachpair �+?

�

�-?

c

" wrt �

addbestpolicy treesto �ur#s

�

K g+h

� and �ArGs

c

K g+h

�

deletethesepolicy treesfrom
b

�

K gih

� and
b

c

K gih

�

b

�

K g+h

�v�

b
c

K g+h

�

[

�Ar#s

�

K g+h

�!�v�Ar#s

c

K g+h

�

selectbestjoint policy tree w�x from
j

b

�

K

x

�

byc

K

x

l

return w

x

end

tion and observation sequence.Note that only the new policies
rootedin action 
�� areshown. In this case,with 3 possibleobser-
vations,3 actions,andtwo previous policies,a full backupwould
generate�/z "

%

>

or 24new policies.
Amato et al. [1] pruneadditionalpolicy treesthroughepsilon

pruning. At eachstep,a full backupis performedjust as in [5].
Thena setof policiescalledtheundominatedsetis iteratively con-
structed.A policy is addedto the undominatedset if thereexists
a belief stateaswell asa policy for theotheragents,suchthat the
new policy exceedsthe value of the currentundominatedset by
morethanepsilon.A linearprogramis usedto implementthisstep.
Theepsilonpruningtechniquethusproducessolutionswith aner-
ror boundof {5|

0 , where| is auserspeci�edparameterand { is the
numberof timesthatepsilonpruningis performedperhorizonstep.
This workswell in domainswith a small numberof observations.
But in domainswith a large numberof observations,the number
of new policiesgeneratedbeforepruningwill beexponentialin the
numberof observations. This motivatesthedevelopmentof addi-
tionalpruningthatspeci�cally targetsthenumberof observations.

3. THE MBDP-OC ALGORITHM
In thissectionwepresentouralgorithmin detail.Theoverallso-

lution techniqueis basedon modifying theIMBDP algorithm(Im-
provedMemory-BoundedDynamicProgramming)with thevalue-
basedobservationcompressiontechnique.Hence,theresultingal-
gorithm is calledMBDP-OC(MBDP with Observation Compres-
sion). We �rst describethe MBDP-basedalgorithmandthenthe
value-basedobservationcompressionprocedure.

3.1 The Modi�ed MBDP Algorithm
MBDP and IMBDP have proved to be very effective in solv-

ing �nite-horizon DEC-POMDPs[11]. They accomplishthis by
limiting the numberof treesretainedat eachstepto a prede�ned
constant

RtS#UWV�X-Y1Y!Z

. At eachstep,a belief stateis selectedusinga
heuristic.Thenthebestjoint policy is selectedandremovedfrom
consideration. Then a new belief state(or the sameone) is se-
lected,andthentheprocessis repeateduntil eachagenthassaved

RTS#UWV,X-Y1Y!Z

policies. Thus, at eachstep,a full backupproduces
only � 
'�

RTS#UWV�XQYPY!Z

2 452 new policies. SinceMBDP is a bottomup
planner(that is, it startswith thelaststepandworks its way back-
wards),theselectedbelief statecanbe the resultof runningsome
reasonablejoint policy (suchastheunderlyingMDP) from the�rst
stepto thecurrentstep.Noting thattheresultis still exponentialin

� (=� , the authorsthenlimit thenumberof possibleobservationsto
a constantthatthey term

RTS#U�\^]!Z

. IMBDP selectsthemostlikely
observationsfrom heuristicallydeterminedbeliefstates,andit only
backsup policy treeswith thoseobservations.They termthis pro-
cessa partial backup. Completepoliciesarethen"�lled up" with
themissingobservations,by selectingthebestavailablepoliciesfor
theseobservations.Thus,for instance,if a partialbackupwererun
for thepoliciesshown in partA of Figure1, anda }~�;:

)	��� of two
wereused,only 12new policieswouldbegenerated,4 for eachroot
action. Although this processis quick comparedto a full backup,
theerror is only boundedfor theheuristicallyselectedbelief state.
Theerroris givenby:
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where0 is thehorizonof theproblem,| is theprobabilityof receiv-
ing oneof the remainingobservations,and & is the reward func-
tion. In IMBDP, the probabilitiesof theseobservationsaretaken
into account,but not their values.

3.2 Value-BasedObservation Compression
Wenow presentthevalue-basedobservationcompressionmethod

(the CompressObsAlgorithm), which reducesthe complexity of
the backupprocessby merging pairsof observationsin eachiter-
ation. We presentthis observation compressionmethodasa tool
that canbeusedby bottom-upplanners.We usetheMBDP plan-
ner as an exampleof a plannerthat can be augmentedby using
this algorithm. The augmentedDEC-POMDPsolutionmethodis
MBDP-OCdescribedin theprevioussection.

Duringthebackupprocess,MBDP-OCoperatesin asimilarman-
ner to IMBDP in seekingto limit thenumberof observationsand
policies consideredfor backup[11]. Recall that eachbranchof
a new policy tree correspondsto an observation. In contrastto
IMBDP, thepartialbackupin MBDP-OCseeksto reducetheexpo-
nentialgenerationof new policiesby forcing differentbranchesof
thenew root policiesto containthesamesubtrees.Thedistinction
canbe seenin Figure1(c). IMBDP (not shown in the �gure) se-
lectsthe

RTS#U�\^]!Z

mostlikely observations,�nds all combinations
of subpoliciesfor those,and�lls in all remainingobservationswith
a singlepolicy. MBDP-OC,by contrast,�nds

RTS�U�\^]!Z

groupsof
policies,and in the backupprocessforcesall observationsin the
samegroupto have thesamesubpolicies.Thus,thekey modi�ca-
tion to IMBDP (asshown in Algorithm 1) is just beforethepartial
backup. In MBDP-OC, the procedureCompressObsis called to
determinehow to grouptheobservations.Thegroupingsarestored
in a set

m

, where
m

is a setof tuples( †G� , |1� ). Each†G� is a setof ob-
servations,andeach| is anerror termassociatedwith observation
group †

� . We call thebackupprocedurethatperformthesecalcu-
lations �

�;‡nˆŠ‰��;‹!Œ,•

M to distinguishit from the partial backupin
IMBDP.

Let
RtS#UWV�X-Y1Y!Z

be the numberof distinct subtreesthat the user
desiresand

RtS#U�\^]!Z

be the limit on the numberof observations.



Algorithm 2: CompressObs(:
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Wethenhave
RTS�UWV�X-Y1Y!Z

policiesbeforebackupand � 
'� actions,so
we generate� 
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RTS#UWV�XQY1Y!Z.¦7§�¨P©�ª+«

new policy treesfor eachagent
at backup.The implementationthenfollows [11] by selectingthe

RtS#UWV�X-Y1Y!Z

bestpoliciesto retainfor thenext backup.
Thequestionthenbecomes,whichobservationsshouldbemerged

together, suchthat forcing themto containthesamesubtreesdoes
not producea largeerror? In orderto answerthat,we needto in-
troducethefollowing notationandde�nitions. We needto express
how muchvalueis lostby mergingtwo observations(or two groups
of observations).Intuitively, themergedobservationpair will pur-
suethe subpolicy that works bestfor its componentobservations.
Thevaluelostwill bea functionof thevalueof thechosensubpol-
icy, thevalueof theoptimalpolicy for thecomponentobservations,
andthelikelihoodof receiving theobservations.For easeof expla-
nation,webegin ourde�nitions with thesingleagentcase,andthen
generalizethemto themulti-agentcase:

��?

�

�

�-?

�

�
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Our notation is somewhat unique in that we always evaluate
given �+�G�

�

�-*•" . For a standardPOMDP, one could have de�ned
a new belief state �

� given that action � wastaken and * wasob-
served from belief state� , but this notationwould not scaleto the

multiagentcase.Noneof thesetermsvaluethe immediatereward
achievedthroughactionin beliefstate� , however, they all compute
the probabilitiesof new belief statesonceaction � is taken and *

is observed,andthey �nd subpolicy valuesin thenew belief state.
This is necessarybecauseour pruning processrequiresonly the
valueof subpolicies.Whenwe backup,the root actionis already
given,andtheroot rewardcannotbechanged.

WeuseclassicPOMDPmethodsto evaluate
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we startedat belief state� , took anaction � andreceivedanobser-
vation * , this de�nes a new belief state,which we will call �.�����+" .
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where�

� is theroot actionin thepolicy, and
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�1� � � " is thevalue
of continuingthepolicy in state��� .

We use ?
”
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�+�G�
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�-*•" to denotethe subpolicy for agent � with the
highestvalue,giventhataction � wastakenfrom belief state� and
then * wasobserved.

In thede�nition of ® , thedifference
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is thevaluelost by choosinga singlepolicy ?

� (insteadof theideal
?

”

�

) afterreceiving theobservation * . Wethenweightby theproba-
bility of observing* andcall theresultourweightedloss,whichwe
abbreviate ¡p¢ . This weightedlosscanbeusedto denotethesum
of thevalueslost by choosingonesinglepolicy for a wholegroup
of observations,ratherthanthebestpolicy for eachobservation.

The valueof the bestsinglepolicy for the observationsin ¯* is
¼

®7” . This is thecumulative valuelost if we areto groupall the
observationsin ¯* together.

For the multiagentcase,we changetheactionsto joint actions,
andpolicies to joint policies. The following notationusesthe 2-
agentcasefor easeof explanation,but is easilyextendedto multiple
agents.
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As seenabove, we mustconsiderall possibleobservations,ac-
tions,andpoliciesof theotheragents.Thelosstermis modi�ed to
bea lossfor a �x edaction,observation,andsubpolicy of theother
agent.Similarly, weightedlosstermsaremodi�ed to sumover the
observation probabilitiesof theotheragent,andto �nd theworst-
caseactionsandsubpoliciesthattheotheragentmaytakebasedon
theseobservations.



The last de�nition meansthat our algorithm will considerall
otherpoliciesof theotheragentwhendecidingwhichobservations
to merge.This issueis discussedfurtherin theconclusions.

Theobservationcompressionprocessitself is displayedin Algo-
rithm 2. As the �gure shows, the processcanbe packagedinto a
functioncall,andthuscanbeseamlesslyintegratedwith IMBDP, or
indeedany policy treebasedalgorithm.Unlike SeukenandZilber-
stein,wedon't forcetreesto follow asinglepolicy afteranobserva-
tion; rather, we seekto considerwhich observationswe canmerge
with a minimum lossof value. To do this, we assumewe are in
thebackupprocess,andwe aregiventheroot actionfor somenew
setof policies. We precomputethe valueof eachof the existing

RtS#UWV�X-Y1Y!Z

subpolicies,for eachobservationandpossiblepolicy of
theother. Possiblepoliciesof theotherincludethesetof � 
'� root
actionsaswell asthe setof

RTS#UWV�XQY1Y!Z

existing subpoliciesfrom
thepreviousstep.Now thatwe have thevaluefor eachsubpolicy,
we identify the bestsubpolicy, aswell asits value. We construct
a tableof losses,which identi�es thevaluelost by eachsubpolicy
if the agentshouldfollow that one insteadof the best,given the
observationandthepolicy of theother.

We weigh this lossof valueby the probability of receiving the
observation. For eachof the

RtS#UWV�X-Y1Y!Z

subpoliciesof thecurrent
agent,we�nd theweightedloss( ¡E¢ ) introducedby usingthatone
subpolicy for themerging of two groupsof observations,which is
thesumof thelossfor eachobservationin thegroup,for all possible
policiesof the otheragent. Thusthe ¡p¢

”

�

�

b

�

� �n�

�

c

�G¯ * " of the set
of observations ¯* is the summationof the weightedlossesfor all
membersof thecombinedsetwhile usingthebestpossiblesingle
policy. Thealgorithm�nds ¡p¢

” for eachpair of groupsin
m

, and
mergesthetwo groupsthatintroducethesmallestamountof loss.

Ourcompressionalgorithmiteratively compressesgroupsof ob-
servations.It startswith � (

�

� observations,andselectstwo groups
of observationstocompresstogetherwhileminimizingtheweighted
loss. In the�rst iteration,eachobservation in (

� is its own group.
In successive iterations,we continueto merge groupsof observa-
tions, until thereare only

RTS�U�\^]!Z

observations left. Note that
sincewecancomputea lossboundfor eachiteration,wecanselect
to iterateuntil a certainlossthresholdis achieved.

4. ANALYSIS OF MBDP-OC
In this sectionwe discussthe running time andspaceusedby

MBDP-OC, aswell as its error bounds. We show that in certain
specialcases,theerror introducedwill below. In thegeneralcase,
we will show a looseerror boundthat dependson the worst pos-
siblechoiceof theotheragent.This errorboundis computableso
any algorithmthatusesthevaluefunctionspresentedin this paper
canbemodi�ed to terminateafterits errorreachesapredetermined
threshold. We �rst discussrunningtime andspacefor Compres-
sObs.

THEOREM 1. For thetwoagentcase, therunningtimeof Com-
pressObsis )��
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�

� 
¥�3� (=� Àn" , andthespaceusedis
)��
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�

� 
'�’� (

>

� " .

PROOF. We examineeachcomponentof the algorithm. First,
all subpolicy valuesarecomputedandstored.Thisoccursfor each
subpolicy of the currentagent, for eachsubpolicy of the other,
for eachinitial actionof the other, andfor eachobservation vec-
tor. This takes )��

RTS#UWV�XQYPY!Z

�

� 
¥�3� (

>

� " time andspace.Identify-
ing the bestpolicies is just a matterof scanningthis list. Loss
termscan be precomputedin a similar operation,and again re-
quires )��
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�
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¥�3� (

>

� " time andspace.Thealgorithmthen
entersa while loop whereit iteratively shrinks �

m

� from � (=� down
to
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. Thereare �1� (=�

•
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" iterationsof this. Within

thewhile loop, weightedlossesarefoundandstoredfor eachpair
of groupsof observationsin

m

(that is, for eachpossible�

†

� �

†

� " ,
requiring )��1� (=�

�

" storage). Eachmergedgrouphasat most � (=�

observations,andthereare �

m

�

�

possiblepairs,andweknow �

m

��Á

� (=� . Thusthereareanorderof )��1� (=� Àn" computationsof ¡E¢ . We
only keeptrack of the identitiesof the bestgroupsto merge, so
no additionalstorageis required. The computationof ¡E¢ itself
merely looks up joint policy valuespreviously storedin MBDP.
Since ¡p¢ is referencedfor eachpossibleactionandsubpolicy of
the other agent,and sincethis occursin a while loop, the total
timespent�nding ¡E¢ functionvalues,includingthewhile loop,is

)��
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¥�3� (=� À ).

Although in this paperwe analyzeCompressObsaswritten in
Algorithm 2, in practice,dependingon thedomainrequirements,
it may not be desirableto designthe algorithmaroundthe worst
case.In essence,CompressObscomputesonline error boundsby
consideringtheotheragentasa limited adversary, so it computes
a strategy for suchanadversaryfor eachobservation. In practice,
it maynot benecessaryto do this, andindeedanexpectationover
eachobservationwouldbemoreaccuratethanmerelyboundingits
worst-case.

Therestof thissectionis devotedto ananalysisof thejoint value
lost by runningMBDP-OCin comparisonto theMBDP algorithm
that runsa full backup.For theMBDP classof algorithms,de�ne
a belief state's “best availablepolicy” at a certainhorizonas the
bestpossiblepolicy treewhosesubtreesconsistof thepoliciesthat
MBDP savedon theprevioushorizonstep.This is not necessarily
an optimal policy, becauseMBDP only saves

RTS#UWV�XQY1Y!Z

policies
perstep.

SinceMBDP-OCis anintegrationof ObservationCompression
with the MBDP algorithm, we will seethat it inherits its error
boundsfrom theMBDPapproach.In particular, weprovenobounds
on the selectionof the MaxTrees,we only prove the error that
observation compressionintroducesafter that. At eachstep,this
serves as an error boundon the heuristicallychosenbelief state.
In addition,wereobservationcompressionto bemergedwith other
policy-treebasedalgorithms[1,5], the methodologyin the proofs
below couldbeadaptedto thosealgorithmsto produceanabsolute
errorboundfor all beliefstates.

We start with a lemmathat saysthat if MBDP-OC iteratively
mergesanobservation into largerandlargersets,onecan�nd the
totalerrorintroducedfor this observationby merelyexaminingthe
erroron thelastmerge.Thatis, theerrordoesnot accumulate.

LEMMA 1. Supposethat thesetsof observations¯*

�

and ¯*

�

are
merged by the above algorithm. The total value lost due to the
merging of ¯*

�

and ¯*

�

only dependson the componentsof ¯*

�

and
¯*

�

, noton thevaluelost during theformationof ¯*

�

and ¯*

�

.

PROOF. The basecaseis trivial as the observations have not
beenpreviously merged. Note that the value lost due to the ob-
servation compressionprocessis the differencebetweenvalueof
the bestavailablepolicy andthe valueof the bestpossiblepolicy
oncethe observationsaremerged. This notion is capturedin the
de�nition of thelossterm:
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For the inductive case,we �nd a bestpolicy ?

� thatminimizesthe
weightedsumof thelossof all observations * where *E�Â¯ *

�

qÃ¯ *

�

.
As theabovevaluedifferenceequationindicates,thevaluefor each
observation only dependson the valueof the bestpossiblepolicy
andthe valueof the selectedpolicy, andnot on previous merges.
Therefore,theerrordoesnot accumulatewith thevaluelost in any
previouscompression.



Wenow developthepropertiesof aspecialcase,where
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is greaterthanor equalto thenumberof
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. SinceMBDP
is capableof runningwith
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<Äz , this settingis certainly
possibleandsometimesdesirable.

PROPOSITION 1. If
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� is a best
availablesubpolicyfor all of theobservationsin ¯* .

PROOF. Thede�nition of
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�#¯ *•"u<~• consistsof sum-
mationsandmaximumsof termsof form
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Theloss ®

� is alwayspositive,sinceby de�nition of ?•”

�

thevalue
of any policy given an observation cannot exceed ? ”

�

. Sincethe
observation probability is alwayspositive aswell, andthe sumof
all thetermsmustbezero,theneachindividual termmustbezero
for thetheoremconditionsto hold. Thuswedonotneedto consider
the nonzeroobservation probabilities. Unrolling the summation,
we areleft with thesumof severaltermsof theform:

@

�+?

”

�

� ?

c

�-�G�

�,�

�

�

c

�-*

Ž

�-*

c

"

•

@

�+?

�

� ?

c

�Q�n�

�,�

�

�

c

�-*

Ž

�Q*

c

"

where ?

� is the selectedpolicy that makes the theoremprecondi-
tions hold, and *

Ž is the observation in that term. Thus ?

� must
equal ? ”

�

in value, given this belief state,theseactions,and this
observation. Since ?

� hasthesamevalueasthebestavailablesub-
policy for all theobservationsin beliefstate� , for all actionsof the
other, then ?

� is a bestavailablesubpolicy for policiesrootedin �
� ,

for all of theobservationsin ¯* while in belief state� .

PROPOSITION 2. Whenwe apply theMBDP-OCalgorithm to
a POMDP problem,if

RTS#U�\€]!Z�ÇÈRTS�UWV�X-Y1Y!Z

, thenMBDP-OC
constructsthesamebestavailablepolicy treeasMBDP.

PROOF. Note that the algorithm can be run on a POMDP by
consideringthe problemto be a DEC-POMDPwherethe second
agentis restrictedto onepolicy, action,andobservation. MBDP
choosesa belief state � andgeneratesthe bestpolicy treefor that
belief state. We prove that with MBDP-OC, the resultingvalue
lost in theobservationcompressionprocessis zerofor belief state

� . Note that a policy consistsof a root action, andeachsubtree
correspondsto an observation. Thereare � (=� subtrees.However,
sinceonly
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policieshave beensaved from theprevious
step,only
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of thesesubtreesareunique.
Thepolicy for eachsubtreeof thebestavailabletreecontainsthe

bestavailable subpolicy. Sincethereareonly
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unique
subtrees,thismeans�1� (=�
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" of thesubtreesareadupli-
cateof someothersubtree.Take a subtreeunderpolicy branch*•� ,
andsupposeit is a duplicateof thesubtreeunderpolicy branch*,� .
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�-*.�#"E<Ì• andweightedloss
cannot be lessthanzero,theMBDP-OCalgorithmselects*

� and
*.� (or someotherpair of observationswhoseweightedlossis also
zero)for compression.

Let
m
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¬ be the set containingthe setsof compressedobserva-
tionsonthepolicy treerootedin action��� foundbyMBDP-OC.Let
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for belief state� afterMBDP performsa full backupandproduces
policy treesrootedin �,� for agent� . Likewise,let
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Thenthere existsa correspondingpolicy treeproducedby MBDP-
OC, which is rootedin �,� and containssub-policies?
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PROOF. Each?

Ž
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is thesubpolicy thatMBDP-OCassignsto the
observation branch † Ž in order to minimize the error. The par-
tial backupin MBDP-OC producesall combinationsof assign-
mentsof subpoliciesfor †

�!��‘3‘’‘

†Gè
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J , thus we can be assured
that ?
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mustexist if any combinationof the
RTS#UWV,X-Y1Y!Z

subpoliciesretainedfrom thepreviousMBDP stepsatis�esthein-
equality.

For theerrorterm,we performinductionon thenumberof poli-
cies and actionsavailable to the other agent. For the basecase,
whenthe otheragenthasjust onepolicy andactionavailable,we
have seenfrom Lemma1 thattheerrorintroducedwhenCompres-
sObscreateseach †GŽ is a function of the error introducedwhen
it performedthe last merge that created†GŽ , and not on previous
merges.Examiningthis error, for each*¥�

†GŽ , �xing thepolicy of
theotheragentmakestheerror introducedby choosing?

Ž

�

simply
the differencebetweenthe bestpolicy it could chooseversusthe
policy it doeschoosefor each†GŽ ,
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The contribution of eacho to the total error mustbe weightedby
its probability, andthusthecontributionof ?

Ž

�

to totalerroris
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and sinceno observation is in two different sets,the total error,
r

‡n‡

*

‡

�+�G�

m

‚

¬

" , is the sumof the contributionsof its components.
For the inductive case,assumingthat the theoremholdswhenthe
otheragent'spolicy is limited to � 
¥�

•f$ rootactions,addinganother
root actionchoicefor theotheragentmeansthatthereis onemore
possiblejoint actionat the root (only one,since ��� is �x ed), and
onemorebeliefstatemustbeconsideredwhenanalyzingthevalue
of joint subpolicies.Thepossiblelossof valuefrom MBDP must
beanalyzedseparatelyfor this belief state.If ¡E¢
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" is
larger for this belief statethanfor others,thenit is the new error
boundandthetheoremholds.If not, thenby theinductive hypoth-
esisthetheoremholds.

The inductive caseon the numberof subpoliciesof the other
agentis similar. Adding anothersubpolicy ?

Ž
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to the otheragent
means¡p¢
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" mayor maynotbelargerthantheweighted
lossesof existing subpolicies. If it is larger, it contributesto the
maximumweightedlossandthe theoremholds. If not, the induc-
tive hypothesissaysthatthetheoremholds.

COROLLARY 1. Givenabeliefstate� , in theworstcase, MBDP-
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per iterationin comparisonto
MBDP.

PROOF. The previous theoremboundsthe lossby MBDP-OC
in comparisonto MBDP for policy treesrootedin a singleaction.
Thereis a bestjoint policy producedby MBDP-OC,andthat joint
policy is rootedin anaction ��� , andthe joint expectedreward lost
by MBDP-OCversusMBDP for thatactionis r
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Figure2: Box PushingDomain.

MaxObs=2 MaxObs=3
horizon IMBDP MBDP-OC IMBDP MBDP-OC

1 -.2 -.2 -.2 -.2
5 51.6 69.1 79.1 72.3
10 71.3 88.6 90.9 103.9
20 55.2 127.2 96.0 149.8
50 47.8 221.7 80.8 278.7
100 38.2 350.4 72.8 503.8

Table 1: Comparison of IMBDP and MBDP-OC on the Re-
peated Box Pushing Domain with various horizons. The al-
gorithms were run with MaxTrees= 3. Resultsare shown for
MaxObs= 2 and MaxObs= 3.

5. EXPERIMENTS
Many of thecommonDEC-POMDPbenchmarkproblems,such

asthemulti-agentbroadcastchannel(MABC) andmulti-agenttiger,
have 2 observations. In orderto test the MBDP-OC algorithm,it
wasnecessaryto usemorecomplex domainswith morethan2 ob-
servations. Obviously, with 2 observations,the MBDP-OC algo-
rithm doesnot doany compressionandit devolvesinto theMBDP
algorithm.

The �rst larger problemthat we selectedwas the Cooperative
Box Pushingdomain[7], presentedin Figure2. In this domain,
agentsarerequiredto pushboxesinto a goalarea.Thevariantwe
usedinvolves2 agents,eachof whichcanbelocatedon4 squaresof
thebottomrow of a3x4matrix,andeachagentcanhave4 possible
orientations(facingup,down, left or right). Therearewalls below
andto theleft of thematrix. In front of theleftmostandrightmost
locationare2 smallboxes.A large,2-squarebox is in front of the
middletwo locations.Theagentshave4 availableactions,turn left,
turn right, move forward,or stay. Eachactionhasa .9 probability
of success.They canreceive 5 possibleobservationsof what is in
front of them:empty, wall, otheragent,smallbox,or largebox. If
anagentmovesforward,anda smallbox is in front of it, thebox
will bepushedinto the top row. If bothagentspushthe largebox
at the sametime, it is pushedinto the top row. A reward of 10 is
receivedfor pushingasmallboxinto thetoprow, andacooperative
rewardof 100(50peragent)is receivedwhenbothagentspushthe
large box into the top row at the sametime. A penaltyof 5 is
received for bumping into a wall or trying to pushthe large box
alone,anda penaltyof 6 is received eachtime it bumpsinto the
otheragent.

Eachtime a box is pushedforward, the goal stateis entered,
andtheproblemresets.Theinitial stateof theproblemis with the
agentsat coordinates(3,1) and(3,4), facingupwards. In orderto
make theproblemmorechallenging,andto enhancetheroleof ob-
servations,we would have the agentstransitionto a randomstate
whenthe problemresetsitself. Thus,for instance,agent1 could

Algorithm MaxObs Time(s)
IMBDP 2 29.9
MBDP-OC 2 31.7
IMBDP 3 459.0
MBDP-OC 3 469.9

Table 2: Running time per horizon step for the IMBDP and
MBDP-OC algorithms on the Box Pushing problem. Results
are in seconds.

�nd itself facingthebackwall andneedto turn around.Thereare
96 reachablenon-goalstatessincethedomainforcesagent1 to be
left of agent2. Thereare4possiblegoalstateswhichresettheprob-
lem. We rantheexperimentswith parameters

RTS#UWV�XQY1Y!Z

<ëz and
tried
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<

% aswell as
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<~z . Resultsaredisplayed
in Table1. WeranIMBDP with thesameparameters,andreportre-
sultsfor comparison.BesidesIMBDP, we know of no othersolver
in theliteraturethatcanproduceasolutionfor DEC-POMDPprob-
lemsthis large. Theresultsshow thatthevaluefunctioncomputed
by MBDP-OCproducesimprovedpolicies,for both }Æ�;:

)	���d<

%

aswell as }Æ�;:

)	���d<~z . Runtimesareshown in Table2. Thereis
asmalltimepenaltyfor runningMBDP-OC.However, theprogram
still spendsthemajorityof its time in theclassicMBDP portionof
thealgorithm,whereit mustevaluateall possiblecombinationsof
generatedjoint policies in all possiblestates,in orderto pick out
the }~�,:

0

‡

r#rG� policiesto retainfor thenext step.
Wenext choseadomainthatshouldbemorefavorableto IMBDP

thanBoxPushing.We ranon a zEìtz instanceof theMeetingin a
Grid problemintroducedbyBernsteinetal. [3]. In ourimplementa-
tion of thisproblem,agentsstartin oppositecornersof a z^ìfz grid.
Eachagentcanmove eitherup, down, left, or right. We chosefor
thechanceof a successfulactionto be60%,with a 15%chanceof
moving in eachperpendiculardirection,a 5% chanceof not mov-
ing at all, anda 5% chanceof moving in the oppositedirection.
Thereis an obstaclein the centersquare,and the agentscannot
move there. Eachagentreceives observationsas to whetherthe
squaresto the left, right, above, or below eachagentareblocked.
With theobstaclein themiddle,andthegrid beingblocked at the
borders,thereare6 legal combinationsof observations. Thusthe
domainhas6 observations.Observationsare100percentreliable.
Whentheagentsreachthesamesquare,a rewardof 1 is received,
and the problemrepeatsitself. This domainshouldbe more fa-
vorableto IMBDP, sinceits weakness,the fact that it choosesa
singleactionanddoesnot explorethepolicy spacefor improbable
observations,is largely irrelevant in this domain. In this domain,
the MBDP plannerstypically pick a squareto meetat (they pick
this implicitly, throughthepoliciesthey chooseto retain),andonce
this is done,thereis a clearsingle choiceof action for eachob-
servationin thedomain.MBDP-OC,by contrast,hasits weakness
exposed,in thatit maynotbecorrectto considerthesamepolicies
for groupsof observations. It canonly besavedby usingits value
function,to assurethat its mergeoperationswill beasharmlessas
possiblegiventhelikely state.If it cando this successfully, it may
be able to outperformIMBDP becauseit can more fully explore
the policy space. Experimentswererun with }Æ�;:

0

‡

r#rn�p<íz

and }~�,:

)	����<

% . Resultsareshown in Table3. Indeedwe see
thatunderthisdomain,IMBDP wasableto attainmorecomparable
results.Still we �nd MBDP-OCto have a smallbut persistentad-
vantage.Runtimefor IMBDP was76.4secondsperhorizonstep,
andfor MBDP-OCit was83.36.



horizon IMBDP MBDP-OC
1 0.0 0.0
5 .41 .47
10 1.01 1.04
20 2.01 2.38
50 5.30 6.38
100 11.6 13.0

Table 3: Comparison of IMBDP and MBDP-OC on the zEìTz

Meeting in a Grid problem.

6. CONCLUSION
Wepresentavalue-basedobservationcompressiontechniquethat

helpsreducethe spaceand running time of �nite-horizon DEC-
POMDPalgorithms. Onekey contribution is the developmentof
a precisemeasureof thevaluelost whendifferentobservationsare
groupedtogether. This allows us to merge observationsthat lead
to minimal lossof valueandassignall the membersof the group
thesamepolicy. Onecanthink of this asanabstractiontechnique
thatcreatescategoriesof indistinguishableobservations.Oncethe
categoriesaregenerated,theagentnolongerdistinguishesbetween
differentobservationswithin eachcategory. This in turn helpsto
simplify thepolicy constructionprocess.

Theactualbene�tsof thisobservationcompressiontechniqueare
evaluatedby integratingit into MBDP, a leadingsolutiontechnique
for DEC-POMDPs.We performa rigoroustheoreticalanalysisof
the resultingalgorithmandprovide error boundson the approxi-
mation.Empirically, theresultingalgorithm,MBDP-OC,performs
well. It is able to generatebetterjoint policies thanany existing
plannerfor �nite-horizon DEC-POMDPson domainswith several
observations.

Value-basedobservationcompressionisapplicabletoany policy-
treebasedalgorithm,not just MBDP. For instance,optimal plan-
ners that producea boundederror, suchas epsilonpruning [1],
could bene�t from compressingobservationsuntil a certain loss
thresholdis exceeded.In this paper, thecompressionprocesswas
run on a particularbelief state,andtheresultinganalysisbounded
thevaluelost for thatbelief state.This canbeextendedto a global
error boundfor any belief stateby computingthe errorboundfor
eachunderlyingsystemstateandthentakingthemaximumvalue.

Anotherfuturedirectionfor thiswork will includeamorecareful
considerationof the likely policy of theotheragent.In this paper,
the policy generationprocessconsideredall possiblepolicies for
the otheragentequally. In fact, it is more importantto consider
policies of the otheragentthat are likely to generatehigh value.
Futurework will includesamplingor otherwisepredictingthepol-
icy of theotheragent,sothateachagentcanusethisknowledgeto
guideits own policy generationprocess.Now that thepolicy gen-
erationprocessis not exponentialin thenumberof observationsin
the domain,the largestsourceof computationalcomplexity is the
merefactthateachagentneedsto considereachpossiblecombina-
tion of policiesfor all of theotheragents.If this lastlargesourceof
complexity weremitigated,future plannerswould be ableto pro-
ducegoodsolutionsfor muchlargerDEC-POMDPdomains.
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